Abstract. We prove that every Ulrich bundle on the Veronese surface has a resolution in terms of twists of the trivial bundle over P 2 . Using this classification, we prove existence results for stable Ulrich bundles over P k with respect to an arbitrary polarization dH.
Introduction
The existence of Ulrich bundles on smooth projective varieties is related to a number of geometric questions. For instance, the existence of rank 1 or rank 2 Ulrich bundles on a hypersurface is related to the representation of that hypersurface as a determinant or Pfaffian ( [2] ). Another question of interest is the Minimal Resolution Conjecture (MRC) ( [11] , [8] ). Also, in [7] , it is proved that the cone of cohomology tables of vector bundles on a k-dimensonal variety X ⊂ P N is the same as the cone of cohomology tables of vector bundles on P k if and only if there exists an Ulrich bundle on X.
It was conjectured in [6] that there exist Ulrich bundles on any variety. Although it is known that all projective curves, hypersurfaces, Veronese varieties, abelian surfaces and many K3 surfaces admit Ulrich bundles, such a general existence result is not known.
One problem that has attracted a lot of attention recently is the existence of stable Ulrich bundles with given rank and Chern classes. Stable Ulrich bundles are particularly interesting as they are the building blocks of all Ulrich bundles. Every Ulrich bundle is semistable, and the Jordan-Hölder factors are stable Ulrich bundles by Lemma 2.6.
We recall the following characterization of Ulrich bundles ([5, Proposition 2.3]).
Definition 1.1. Let E be a vector bundle of rank r on smooth projective variety X of dimension k ≥ 2 and of degree d. Then E is Ulrich if and only if its Hilbert polynomial is dr t+k k and H q (X, E(t)) = 0 for 0 < q < l and t ∈ Z (this is known as the arithmetically Cohen-Macaulay (ACM) condition).
Since the definition of Ulrich bundles depends on the polarization of the underlying variety, the following question arises.
How do the different polarizations of the underlying variety affect the existence and classification of Ulrich bundles?
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In light of this question, in this work, we study the existence of stable Ulrich bundles of arbitrary rank on P 2 with respect to the polarization dH for any positive integer d. First, we investigate the Ulrich line bundles and we prove that Ulrich line bundles exist only for d = 1; in that case there is only one Ulrich line bundle and it is isomorphic to O P 2 . We also prove that, for d = 1, any rank r Ulrich bundle is isomorphic to a direct sum of r copies of O P 2 . From now on, we assume that d ≥ 2.
The next step is to investigate stable Ulrich bundles of rank r ≥ 2. First, we establish necessary conditions for the existence of such bundles. We prove that if E is a rank r Ulrich bundle on (P 2 , dH) then its first Chern class c 1 (E) =
. Using this, we can see directly that if d is even, then r must be even. Moreover, using Beilinson's theorem ([12, Theorem 3.1.3, p.240]), we prove that E has a minimal free resolution
We then construct Ulrich bundles using these necessary conditions. For d = 2, we prove that there exists a unique rank 2 Ulrich bundle, which was also given in [6] . Also, we prove that higher rank Ulrich bundles for d = 2 are direct sums of this unique rank 2 Ulrich bundle.
Finally, for d > 2, we analyze the cases where d is even and odd separately. For even d, we prove the existence of stable Ulrich bundles for any (even) rank using the Casanellas-Hartshorne method [3] by consecutive extensions of rank 2 Ulrich bundles. For odd d, we have to assume that rank 3 Ulrich bundles exist. We make a conjecture for this assumption, since using Macaulay2 we demonstrate that rank 3 Ulrich bundles exist on (P 2 , dH) for odd degrees up to d = 43. Then, assuming the existence of rank 3 Ulrich bundles and the Casanellas-Hartshorne method, we prove that there exist stable Ulrich bundles for any rank r ≥ 2.
1.1. Conventions. We work over an algebraically closed base field of characteristic 0. All cohomologies are over P 2 .
Preliminaries
Recall that, for a positive integer d, the Veronese surface is denoted by (P 2 , dH). The following result might be termed Ulrich duality, and is analogous to [ The fact that E ∨ (3d − 3) is ACM follows from Serre duality and the fact that E is ACM:
Let us now compute the Hilbert polynomial of E ∨ (3d − 3).
Proposition 2.2. Let E be an Ulrich bundle of rank r on (P 2 , dH). Then 
Now, by the Riemann-Roch theorem, we have
Comparing the coefficients of t in the above expression and
Solving this equation for c 1 (E), we obtain
Corollary 2.3. If d is even, the rank r of an Ulrich bundle on (P 2 , dH) must also be even.
Lemma 2.4. For Ulrich bundles E and F on (P 2 , dH), we have h
Proof.
The last equality follows because as an Ulrich bundle, E is semistable by [5, Proposition 2.6]; and the reduced Hilbert polynomial of E (3) is strictly greater than the reduced Hilbert polynomial of E. The desired vanishing now follows from
We have the following corollary, which will be useful later in dimension calculations.
Corollary 2.5. For a simple Ulrich bundle E of rank r on (P 2 , dH), we have
Proof. This is a simple calculation involving the Chern classes. The result follows from the fact that h We shall use the following result later.
Lemma 2.7. For an Ulrich bundle E of rank r on (P 2 , dH), we have:
Proof. For the first item, note that E(−d) is in fact the (−1)-twist of the Ulrich bundle E according to the polarization dH, hence h
For the rest of the proof, let L ⊂ P 2 be a line. Consider the restriction E| L . By a well-known result of Grothendieck, we have
for some integers a i . Using Proposition 2.2, we have
Consider the short exact sequence
Tensoring with E(−d), we have
The associated long exact sequence is
Note that the middle term in each line is 0 by the previous item. Now,
where we have used the facts that, by Proposition 2.1, E ∨ (3d−3) is an Ulrich bundle, and that any twist of an Ulrich bundle by an integer smaller than or equal to −d has no global sections. Hence, the long exact sequence above gives us
It follows that a i > d − 2 for all i. We now prove the second item. Consider the short exact sequence
Note that the first term in each line is 0 by the previous item. Hence, we immediately obtain h 2 (E(−d + 1)) = 0. We have
This finishes the proof of the second item. We finish by proving the third item. Consider the short exact sequence
Note again that the first terms in the second and third lines are 0 by the previous item.
We have
Finally, from the long exact sequence above, we have
This finishes the proof.
Ulrich Line Bundles
Proposition 3.1. The only Ulrich line bundle on (P 2 , H) is O P 2 and all higher rank Ulrich bundles are simply direct sums of copies of this unique Ulrich line bundle. For d ≥ 2, there are no Ulrich line bundles on (P 2 ,
dH).
Proof. The first statement of the theorem follows trivially from [5, Proposition 2.2 (iv)]. Now let O P 2 (t 0 ) be an Ulrich line bundle on (P 2 , dH). We compute its Hilbert polynomial.
By [5, Proposition 2.3], the Hilbert polynomial of the Ulrich line bundle O P 2 (t 0 ) must be equal to
Comparing coefficients, we obtain the equations
Solving this system, we obtain d = 1 and t 0 = 0.
The Beilinson Spectral Sequence And The Cohomology Table
In this section, we derive the cohomology table used in the Beilinson spectral sequence and we use it to prove that every Ulrich bundle occurs as the right-hand term of a suitable short exact sequence. We also prove a converse result; namely if an injective morphism of sheaves satisfies certain conditions, then its cokernel is an Ulrich bundle.
Recall that for a coherent sheaf F on P 2 , the Beilinson spectral sequence has the form
(Here, Ω denotes the cotangent bundle of P 2 .)
Remark 4.1. There is another form of the Beilinson spectral sequence, with Ω −p (−p) and O P 2 (p) interchanged; but we shall not use it.
The entries on the first page of this spectral sequence can only be nonzero for p ∈ [−2, 0] and q ∈ [0, 2]. 
Tensoring this short exact sequence with F (1) = E(−d + 2), we obtain
For the remaining entries, we proceed separately.
Then the spectral sequence gives us a surjection
a .
Twisting by −1, we get a surjection 
)) = 0 by the previous item, the long exact sequence above gives us
By Lemma 2.7, we have h 0 (E(−d + 1)) = Corollary 4.3. Let E be an Ulrich bundle of rank r on (P 2 , dH). Then we have
Proof. From Beilinson's spectral sequence and Table 1 , we obtain
Twisting by d − 1, we obtain the desired result.
We now prove a converse result.
Theorem 4.4. Let E be a vector bundle of rank r on P 2 admitting a resolution
. Then E is an Ulrich bundle on (P 2 , dH).
Proof. Since E admits the given resolution, we have
Next, we shall prove that E is ACM with respect to the polarization dH; i.e. H 1 (E(td)) = 0 for all t ∈ Z. If t ≥ −1, then consider the long exact sequence obtained by twisting given sequence by td:
1 (E(td)) = 0 by assumption. Now consider the short exact sequence obtained by twisting the given resolution by −d and then restricting to a line L ⊂ P 2 :
By a well-known result of Grothendieck,
If we tensor the sequence
by E(−αd), we obtain
If we were to assume a 1 − αd ≥ 0, then we would have
which is a contradiction. So, a 1 − αd < 0; and hence a i − αd < 0 for i = 1, . . . , r. Therefore, H 0 (a i − αd) = 0 for i = 1, . . . , r; i.e. H 0 (E| L (−αd)) = 0. We also have H 1 (E(−αd)) = 0 by assumption. It follows that H 1 (E(−αd − 1)) = 0. Using negative twists of the sequence 4.1 above and by induction, it can be easily shown that H 1 (E(−αd − k)) = 0 for all k ≥ 0. In particular, for integers t ≤ −α − 1, we have H 1 (E(td)) = 0. This proves that E is an ACM vector bundle with respect to the polarization dH.
Therefore, E is an Ulrich bundle on (P 2 , dH) by [5, Proposition 2.3].
The Case d = 2
By Corollary 2.3, the Ulrich bundles on (P 2 , 2H) must have even rank. In this section, we prove that there is a unique Ulrich bundle of rank 2 on (P 2 , 2H) and that all the other Ulrich bundles are direct sums of copies of this unique Ulrich bundle of rank 2.
Lemma 5.1. Let E be an Ulrich bundle of rank 2 on (P 2 , 2H). Then E is stable, and we have h 1 (E ⊗ E ∨ ) = 0.
Proof. Since there are no Ulrich line bundles on (P 2 , 2H) by Proposition 3.1, E is stable by [4, Lemma 2.15]
1
. By [3, Proposition 2.12], we have χ(E ⊗ E ∨ ) = 1. Now, since E is stable, it is simple and hence h 0 (E ⊗ E ∨ ) = 1. Also,
since the reduced Hilbert polynomial of E (3) is greater then the reduced Hilbert polynomial of E and both vector bundles are semistable. This implies h 1 (E ⊗ E ∨ ) = 0.
Theorem 5.2. There is a unique Ulrich bundle E 0 of rank 2 on (P 2 , 2H).
Proof. By Corollary 4.3, an Ulrich bundle E of rank 2 on (P 2 , 2H) fits into a short exact sequence Proof. We use induction on k, the case k = 1 being evident from Theorem 5.2.
Suppose now that F is an Ulrich bundle of rank 2k on (P 2 , 2H) with k ≥ 2; and suppose that the statement is proved for ranks smaller than 2k. By Proposition 2.2, we have c 1 (F ) = 3k. Using [3, Proposition 2.12], we obtain χ(
We conclude that F is not stable, and therefore it can be written as an extension of Ulrich bundles of lower rank
. Now since both F ′ and F ′′ are direct sums of copies of E 0 , and h 1 (E 0 ⊗ E ∨ 0 ) = 0 by Lemma 5.1, it follows that the short exact sequence above is split. Hence, F is a direct sum of copies of E 0 .
The Case d ≥ 3
In this section, we discuss existence of stable Ulrich bundles of any given rank r ≥ 2 on (P 2 , dH), subject to the restriction that r must be even whenever d is. The existence of rank 2 Ulrich bundles on (P 2 , dH) was proved in the work of Eisenbud, Schreyer and Weyman ( [6] ); note that these are automatically stable by Proposition 3.1. Using a method due to Casanellas and Hartshorne ([3] ), we prove that for even d, there exist stable Ulrich bundles of all even ranks on (P 2 , dH). This method uses consecutive extensions of Ulrich bundles of ranks 2, or ranks 2 and 3, and counting deformations to ensure that there are more simple Ulrich bundles than strictly semistable ones.
The existence of rank 3 Ulrich bundles on (P 2 , dH) whenever d is odd is a more difficult problem. (Again, note that rank 3 Ulrich bundles are necessarily stable.) We prove that, given the existence of rank 3 Ulrich bundles on (P 2 , dH) with d odd, there exist Ulrich bundles of all ranks r ≥ 2 on X. In Section A, we include a Macaulay2 program to check existence of rank 3 Ulrich bundles; we are able to prove that Ulrich bundles of rank 3 exist for all odd degrees up to 43. Theorem 6.1. Suppose that d is even. Then there exist stable Ulrich bundles of rank r = 2k on (P 2 , dH) for k ≥ 1.
Proof. We use induction on k. The case k = 1 follows from [6, Proposition 5.9] . In this case, the dimension of first-order deformations of a rank 2 Ulrich bundle E is given by h 1 (E ∨ ⊗ E). Note first that E is stable, hence simple. Therefore, by Corollary 2.5 h
, we conclude that there are more than one nonisomorphic rank 2 Ulrich bundle on (P 2 , dH). Now assume that the theorem is proved up to rank 2k − 2. Let r = 2k with k ≥ 2. Choose an Ulrich bundle E 1 of rank 2 and another stable Ulrich bundle E 2 of rank 2k − 2 on (P 2 , dH). Since E 1 and E 2 are necessarily non-isomorphic, 
as before. Since
there exist nonsplit extensions of E 1 by E 2 ; and these are simple by [3, Lemma 4.2] . Hence, there exist simple Ulrich bundles of rank r = 2k on (P 2 , dH). As above, we can compute the dimension of first-order deformations of such an Ulrich bundle E; we obtain
We must now compute an upper bound for the dimension of strictly semistable Ulrich bundles of rank 2k and prove that it is smaller than k Theorem 6.2. Suppose that d is odd, and there exists a rank 3 Ulrich bundle on (P 2 , dH). Then there exist stable Ulrich bundles of any rank r ≥ 2 on (P 2 , dH).
Proof. The proof of this theorem follows the same outline as the proof of Theorem 6.1, so we omit many of the details.
Again we use induction on the rank r. The case r = 2 follows from [6, Proposition 5.9] and the case r = 3 is included in the hypothesis. Suppose now that r ≥ 4. We distinguish two cases.
Case 1: r = 2k, k ≥ 2. In this case, it can be proved that there exist simple Ulrich bundles of rank r by the argument in the proof of Theorem 6.1; and the dimension of the first-order deformations of such an Ulrich bundle is k 2 (d 2 − 5) + 1 by Corollary 2.5.
To prove the existence of stable Ulrich bundles of rank r, we must compute the dimension of strictly semistable Ulrich bundles of rank r and prove that it is smaller than k 2 (d 2 − 5) + 1. We consider only extensions of rank 2 and rank r − 2 stable Ulrich bundles, or extensions of rank 3 and rank r − 3 stable Ulrich bundles. We have used this code to verify the existence of rank 3 Ulrich bundles on (P 2 , dH) for odd degrees up to d = 43. Therefore, we can make the following conjecture.
Conjecture A.1. There exists a rank 3 Ulrich bundle on (P 2 , dH) for all odd degrees d ≥ 3.
